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. I n t r o d u c t i o n
The problem of the motion of the gas in a gun after the shot has left is rather similar to Lagrange's ballistic problem (cf. Love & Pidduck 1921) , and is connected with the latter by the fact th at the final state in Lagrange's problem, with the shot just at the muzzle, is the initial state in the present work. The emptying of a gun was apparently first discussed by Hugoniot (1886) , in a form which has been repeated in many other applications to the emptying of a reservoir of gas. As regards their use in internal ballistics, Hugoniot's results show how the breech pressure dies away after shot ejection and hence, by integration, how the gas increases the momentum of the recoiling parts after the shot has left the gun. However, for a long time these results were not applied in the design of recoil systems, which was carried out with the help of empirical factors drawn from accumulated experience. The use of a baffle outside the muzzle of a gun, to provide a forward thrust after the shot has emerged, was first proposed in the 1880's. Such a 4 muzzle brake ' is shown in figure 1 , which is based on a modern practical design. The matter was first taken up seriously by the French in the 1914-18 war. It was found that it was necessary to pay more attention to the theoretical details of the outflow from the gun, partly because of the larger number of empirical factors needed to cover the more complicated be haviour, and also because of the lack of empirical knowledge of such systems. W ith this aim, Rateau (1919 Rateau ( , 1932 improved Hugoniot's work by (i) including the effect of the covolume, and (ii) correcting for the initial distribution of gas velocities along the barrel a t the moment of shot ejection. R ateau's theory will be sketched later. During the late war the use of muzzle brakes became almost universal on certain classes of guns, and theoretical calculations were made on various aspects of their behaviour. The work reported in this paper formed p art of the programme, and arose from a desire to check the Rateau-Hugoniot formulae in a typical application. I t was hoped that one might be able to explain certain apparently anomalous results which were being obtained in the experimental development. I t was found, however, th a t R ateau's formulae are sufficiently accurate for the design of most guns which would use muzzle brakes. The results of the present paper have been applied to several other problems of gun ballistics.
The results given here do not cover the case of a low muzzle velocity, where the hydrodynamic behaviour is relatively more complicated. This is a region where the forces acting after ejection are smaller compared with the total momenta concerned, so th at our results do cover the range of practical interest..
Terms have been neglected of order (charge weight/shot weight)2, which is about 0-2 for a typical anti-tank gun. The results are therefore not necessarily true for hypervelocity guns with roughly equal weights of charge and projectile. I t should be noted th at the initial state in the problem is itself not known to terms of this order, except in the limiting case yhere the propellant burns very rapidly, 2 . N o t a t i o n I t will be assumed th at the internal volume of the gun has the form of a circular cylinder of cross-sectional area 8 and volume U. In applications to real guns U will be the total capacity of the gun, and 8 the b 257 The internal ballistics of a gun after shot ejection will be somewhat less than U/S, because of the larger cross-section of the chamber, but the error in the results will be small for all normal guns. The size of the error will be discussed later.
Let the charge mass be C, shot mass W, and muzzle velocity V 0. Let x denote distance from the breech, t the time from the instant of shot ejection. At this point and time, the pressure is p, velocity of gas v, temperature T, and density p. I t is convenient to introduce non-dimensional units of distance and time, defined by
In terms of £ and r the results take a simpler form.
. I n i t i a l s t a t e o f t h e g a s i n t h e b a r r e l
Assume th a t the charge is completely burnt before the shot reaches the muzzle. At t = 0 the shot is at the muzzle, and the velocity and pressure distribution along the barrel is the 'final sta te ' of Lagrange's ballistic problem. I t has been shown by Hicks & Thornhill (unpublished work) that the 'Lagrange approximation' can be modified in its assumptions so as to give the usual results to terms of order (7/ and a close approximation to Pidduck's limiting solution (Love & Pidduck 1921) when keeping terms of order (C/W)2. The assumptions of Hicks & Thornhill convenient for our purpose. For C/W = -J, corresponding order 3000 ft./sec., the ( G/ IF)2 term in the ratio of breech pressure to press is thought to be of order 3 % of the CjW term; therefore terms of order (C/W)2 will be neglected throughout these calculations. It is, of course, true th at the (C/W)2 terms, certainly small in the initial state, may increase relatively to the other terms as time goes on: this seems unlikely, since the terms of order C/W do not increase very much, and later they die down. Covolume will not be neglected, which would indeed not be very plausible in the practical example discussed later, for which the breech pressure at shot ejection is about 10 tons/sq.in. Let the covolume be denoted by 7}. I t is useful to introduce a ratio
which is related to the pressure at the instant of shot ejection. There are practical limits on the muzzle pressure, and a is therefore rarely more than 0-2. Certain terms will be expanded as power series in a, neglecting terms of order a 2. The error will be of the same order as the neglect of (C/W)2 terms. The terms of order a continually decrease, as would be expected.
Let Te be the gas temperature at the instant of shot ejection, averaged over the whole of the gas. Let R be the gas constant per gram of propellant gas, e gas constant per g.mol. divided by the average molecular weight of the gas. R therefore varies slightly with temperature, owing to the variation in the minor Vol. 188. A.
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J . Comer products of explosion; the variation in the amounts of the chief products CO, N2, C 02, H 2 and H 20 comes mainly from change in the water-gas equilibrium, which does not affect the average molecular weight. To the accuracy of present calculations R can be taken as a constant.
Let y be the ratio of specific heats for the propellant gases. I t depends on tem perature, and a mean value must be taken, appropriate to the temperature range being considered.
I t is assumed th a t the covolume is independent of temperature. This is true to the accuracy needed in these calculations. I t follows then from the equation of state of the propellant gases, namely, th at the equation of the adiabatics is
Hicks & Thornhill assume th at p(l/p -?j)y is independent of position along the barrel, though of course it is a function of time. Their results for the instant of shot ejection are
and for the velocity distribution (9) These equations give the pressure, density and velocity distributions in terms of the muzzle velocity, gun dimensions, covolume and RTe. The latter can be calculated from the energy of the propellant explosion, the energy of the shell as it leaves the muzzle, and the heat loss to the barrel; th a t is to say, in terms of muzzle velocity and known properties of the propellant. In particular, these results and those which follow can be applied without needing a solution of the ordinary equations of internal ballistics.
The equations (5)- (9) are true for the instant 0 only and are correct only to terms of order CjW.
The frictional pressure drop down the gun is neglected in these formulae and throughout the present work.
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. E a r l i e r w o r k
The problem of the emptying of a reservoir of perfect gas by expansion through a nozzle was first treated by Hugoniot (1886) , by assuming th a t the state of flow at any instant was the same as would be set up in steady flow with the reservoir pressure existing a t th at instant. This hypothesis of quasi-steady flow is plausible provided the reservoir pressure is not falling too rapidly. Rateau (1919 Rateau ( , 1932 used the same assumption about quasi-steady flow, and introduced the covolume into the calculations. He assumed th at the gun barrel acted as a convergent nozzle with throat area th a t of the bore, so th a t the gas velocity a t the muzzle was equal to the local velocity of sound. He pointed out th a t the gun was an unusual type of reservoir, with its cross-section no bigger than the throat area of the nozzle; also the initial state, a t the instant th a t flow through the nozzle began, was a non-uniform distribu tion of pressure and velocity down the reservoir. He suggested th a t this initial state could be corrected for in the following way. The gas was supposed to start from rest a t an effective pressure pi and temperature T{, such th a t by adiab the gas arrived a t the true pressure pe, right temperat energy for the instant when the shot passes the muzzle. This statement is not un ambiguous, with regard to such questions as the relation of breech and mean pres sures, for example. The theory will be compared with experiment in § 8. The effective pressure p{ is obviously too high at the instant of ejection, with the idea of improving the form of the pressure/time curve as a whole. Unfortunately, the theoretical pressure stays too high all along. This error can be eliminated by not using R ateau's effective pressure and temperature, using instead the true values for the instant of ejection. The Rateau formulae are then simpler and easier to use than those obtained in the present paper, and while not quite so accurate are sufficient for many practical purposes. For this reason we summarize Rateau's results here.
The kinetic energy of the gases as the shot leaves is % CV% . The 'effective tem perature ' Ti is therefore given by
In this equation y is a mean for the temperature range Te to Tt. The difference between these temperatures is of order 100° C, and therefore y can be taken as the value for Te. Rateau takes the covolume i] to be 0-95c.c./g. The effective density follows from the true mean density CjU and the adiabatic equation, and is given by _ _ 0 .9 5 = ( _ -°-9s) (^l) where pi and C/U are in g,/c.c. A time 0 is introduced, defined by
This time is characteristic of the time scale of the phenomena. The pressure at any time t measured from ejection is
To get best agreement with experiment, one ea,n take the 'pressure ' to be the mean pressure in the barrel at the instant of ejection, and the 'pressure of (13) to be the breech pressure. It is better still to omit the correction, leading to the following 'modified R ateau' formulae:
and breech-pressure a t time t:
Omitting the covolume terms, one obtains Hugoniot's results:
This formula for 6 may be encountered in the literature with a rather different C/W term. This comes from the ambiguity in the choice of 'reservoir pressure', which in these simple theories is sometimes taken as breech pressure, sometimes as mean pressure.
. D i s c u s s i o n o f t h e p r o b l e m
Assume th at each element of gas expands adiabatically, so th at i>[(l//o)-is independent of time and depends only on the element considered. Now on the assumptions of Hicks & Thornhill, this quantity is the same for all elements a t the moment of shot ejection, and so
for all values of x and t. The assumption of adiabatic expansion after the instant of shot ejection involves two factors: (i) heat loss to the barrel is neglected after shot ejection; (ii) it is assumed th at no shock waves are set up in the gas inside the gun. Of these, the second is certainly justifiable. As the shot passes out of the muzzle a rarefaction wave passes into the barrel and down towards the breech, and this wave cannot give rise to a discontinuity of density.
The heat loss to the barrel after ejection is not so easily dismissed, but it is difficult to include it in the equations without intolerable complications. The magnitude of 261 this heat loss may be compared with the heat loss before shot ejection. The velocities and times involved are of the same order in the two cases, while the densities after shot ejection are lower than before, thus reducing the heat loss. It is clear th at the heat loss to the barrel after ejection will be smaller than the heat transfer while the shot is in the gun, though the orders of magnitude will be the same. If the effects of heat loss were to be included, the agreement with experiment would in fact be less good. This will be shown in § 8, and is due to partial compensation with some other approximations in our treatment.
Since
is the same for all elements a t any given time, the Eu equations of hydrodynamics may be used. The equation of continuity is l +^ = °> <19>
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The velocity of sound at position x and time t is / (U/C) -dp 1 \( 1
The influence of the conditions outside the muzzle section is transmitted through the gas towards the breech with velocity c -relative to the barrel. This is assured by the fact th at it is a rarefaction wave which is passing through the gas, not a shock wave. Let Z be the value of £ (= xS/U)at the point reached faction wave at time t; th at is, for £ < state of the gas inside the gun at the instant of shot ejection, while for £ > it is necessary to take into account conditions outside the muzzle. The motion of the wave front satisfies the equation
the right-hand side being evaluated for £ = It will be clear th at the motion of the gas is simplest in the region £,<Z.A solution for the region £ < Zw ill first be obtained, and used to integrate (22), thereby showin how far the rarefaction wave from the muzzle has progressed at any time. In § 9 the nature of the flow in the zone £ > Zw ill be discussed. Th of course, not applicable at the muzzle except for guns of very high velocity, so it is not of much use by itself for the calculation of rates of outflow; for these the wave of rarefaction is an essential feature. However, this wave takes a relatively long time to reach the breech; for example, the breech pressure of the example given later falls to about a third of its value at ejection before the rarefaction wave hits the breech. Thus questions of recoil can often be settled by using the simpler solution up to this time and some rough approximation for the breech pressure thereafter. The extent to which this is applicable to any particular gun will be seen from later formulae. l u t i o n b e f o r e a r r i v a l o f w a v e f r o m m u z z l e Assume th at the gas velocity vi s a linear function of di the pressure a quadratic function. These forms are suggested by the initial distribu tions a t the instant of shot ejection. To attem pt a solution on these lines write > = r,5/wji
. S o
where the functions/(r), ...,q(r) are to be chosen to satisfy (18), (19) and (20) for all r, and the initial conditions (5)- (9) (23) The terms in (7/ Wa nd a stay small for all time, so the neglect of higher pow almost certainly correct at all times and not merely near r = 0.
Dr Clemmow has shown me how this solution can be derived by a neater method based on the same order of approximation.
}]•
(25)
. M o t i o n o f t h e i n n e r b o u n d a r y o f t h e r a r e f a c t i o n w a v e
The velocity of sound 
Here the terms in a 2 and (C/W)2 have been neglected as usual, and also in this case a pair of terms proportional to C/W, whose sum is a t most (7/30
Substituting from (26) and (23) into (22), it is found th a t the boundary of the rarefaction wave satisfies the equation
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\6(2 -7)(7 -l) (l + T0)r-i 2 2(2-y)(l+r0)/J'
The new constant t0 is the value of r when 1, th at is, when the boundary of the rarefaction starts from the muzzle. There are two cases to be considered.
Case I. Shot velocity less than local velocity of sound. The 'velocity of sound' here refers to the velocity in the gas just behind the shot at the instant of shot ejection. Case I is much the more common, and the condition for it to occur is, from (26),
r . « y J H a * [ l +( m^}<29>
In this case the rarefaction wave moves in from the muzzle immediately after shot ejection, and therefore r 0 = 0. This simplifies (28) 
Case I I . Muzzle velocity greater than local velocity of sound, that is

F .> (y ja a * [l + (p^J . (3!)
This occurs for guns of very high muzzle velocity, of the order of 3500 ft./sec. Ju st after shot ejection the gas velocity at the muzzle is greater than the local velocity of sound, and hence the conditions inside the gun are completely independent of what is happening outside. The gas velocity a t the muzzle soon falls to the local velocity of sound, and a t this time the rarefaction wave starts from the muzzle towards the breech. The value of r 0 is given by for £ = 1 and r = r 0, and can be found numerically from (23) and (26) in any particular case. An explicit formula for r 0 can be given, but it is complicated and not illuminating. Having found r 0 numerically, it can be substituted in (28) to give the relation between Z and r.
The solution for case II is valid only if the initial conditions (5)- (9) are true. I t seems possible th a t when the velocity of the projectile exceeds the velocity of sound in the gas behind it the distribution in the barrel may differ from the simple result of (5)-(9).
C o m p a r i s o n w i t h a n e x p e r i m e n t a l b r e e c h -p r e s s u r e r e c o r d
In applications, most of the parameters can be found without difficulty. can be calculated from Resal's equation, the energy equation of internal ballistics, using the calculated kinetic energy of shot and propellant gases, the thermochemical properties of the propellant, and an estimate of the heat loss to the bore. In the present example, the experimental breech pressure a t shot ejection is known, which supplies RTe immediately.
Consider an example for which C/W = 0-474, a = 0-197, V 0 = 3130 ft./sec., and y = 1-275 over the relevant temperature range. The breech pressure as the shot leaves is about 9 | tons/sq.in. By (21) and (6) the velocity of sound just behind the shot as it leaves the muzzle is about 3640 ft./sec.; hence this is an example of case I, and the rarefaction wave starts from the muzzle at r 0 = 0. From (30) Z can be calculated, the position of the rarefaction boundary, at any time. The result is shown in figure 2 . The boundary starts from the muzzle a t a fairly low speed, of order 500 ft./sec., and accelerates as it approaches the breech, chiefly owing to the lower gas velocities in this region. The wave reaches the breech after 7 msec., which is roughly equal to the time taken for the shot to travel through the gun. Figure 3 shows the breech pressure for times after shot ejection. The results of the present work are in good agreement with the experimental curve. The error in the pressure at any time is best stated as a fraction of the pressure drop from ejection up to th at time. This error is always less than 5 %. I t is interesting th at the theo retical curve lies below the experimental results. The error is due to (i) neglect of terms of order (C/W) 2 and a 2; (ii) assumption th at the cross-section is constant along the gun; (iii) neglect of heat loss to the barrel after the shot has left. I t seems
The internal ballistics of a gun after shot ejection obvious th a t (iii) must cause the theoretical pressures to be higher than the true ones; therefore (i) and (ii) together must be responsible for lowering the theoretical pressure. The agreement within 5 % arises by partial compensation of opposing errors, but is nevertheless very satisfactory. The results of some other theories are also shown on figure 3. The curve marked ' Rateau ' was calculated with his correction for the initial motion of the gas (equations (10), (11), (12) and (13)). The 'modified R ateau ' results (equations (14) and (15)) without this correction are seen to be in much better agreement with experiment. Hugoniot's formulae (16) and (17) are calculated by omitting all covolume terms, which accounts for the pressure lying considerably below the experimental values a t the start. This is partly offset by the theoretical pressure being too big later.
The formulae for the breech pressure given in this paper hold until the rarefaction wave reaches the breech, which occurs after 7 msec. An exact treatm ent for later times would be difficult, and fortunately it is usually unnecessary. I t is sufficient to complete the post-ejection period by one of the other theories. This has been done in figure 3 by using Hugoniot's formulae, with time measured from the instant a t which the rarefaction wave first reaches the breech. I t can be seen th a t in this case there is no appreciable kink in the pressure/time curve a t this point. There does not appear to be any discontinuity of slope in the experimental results either. I t is possible that some observable discontinuity of slope might occur if the wave were to reach the breech while the pressure was still high. This would imply a low-velocity gun with fairly high pressure as the shot leaves.
In many applications the important quantity to be derived from breech pressures after ejection is the total momentum caused by the gas pressure on the breech. The curves in figure 3, labelled 'modified R ateau' and 'H ugoniot', differ considerably in shape, while their total momenta in the post-ejection period are only 1 % apart. For certain calculations they are effectively identical.
Some momenta are therefore listed to show the differences between various theories. The momentum acquired from shot start to shot ejection The post-ejection period contributes about 32 % of the total momentum. It. s clear th at the ' modified Rateau ' results are practically as accurate as those of the present theory, and omission of the covolume (which gives the Hugoniot formulae) alters the results by a negligible amount. The latter formulae are much the simplest. This was the reason why a Hugoniot curve was used for the period after the rare faction wave had reached the breech.
I t is possible to formulate a simple criterion to show which guns are particularly suitable for muzzle brakes. An obvious criterion is the ratio momentum from gas pressure after shot ejection in bare gun momentum from gas pressure up to shot ejection in bare gu n '
The internal ballistics of a gun after shot ejection 267 which by integration of Hugoniot's formulae is proportional to Tr • Let T0 be the temperature of uncooled explosion of the propellant. Since TJT0 is much the same for all guns,
may be used as a criterion of suitability. The larger /?, the more effective will be a muzzle brake of given geometrical design; it should be noticed, however, th at /? is not a property of the gun alone but depends also on the weight and type of pro p ellan t used. A point of some interest is the extent to which ft can be increased by increase of C/W. Langweiler (1938) has published muzzle velocities of a rifle with values of C/W from 0-86 to 44, and the same copper crusher pressures in all cases; actually the charge weight C was kept constant while the shot weight W was re smaller and smaller values. In using such extreme values of it must be remem bered th at (3 is to be multiplied by a factor (1 + C/12W), which has been neglected in deriving (32), since it is so close to 1 for all ordinary guns; moreover, the standard corrections for gas inertia (Lagrange's ballistic problem) are not correct for such values of C/W, though Langweiler's results themselves show that the errors are not very large in his case. W ith these provisos in mind, it can be said th at the criterion corresponding to ft increases steadily with C/W, a t constant crusher pressure.
Details of the velocity and pressure distributions along the gun will be given at the end of the next section, after an approximate treatm ent of the rarefaction zone.
. T h e r a r e f a c t i o n z o n e ; m u z z l e -b r a k e c a l c u l a t i o n s
Consider first case I (shot velocity greater than local velocity of sound), in which the rarefaction starts back from the muzzle as soon as the shot leaves. Z, the position reached by the rarefaction boundary, can be calculated by (30); substitu tion in (23) and (25) gives the density and gas velocity at this boundary. These are denoted by />x(t ) and vx(t). Let /0 2(t ), v2 (t) be the corresponding quantities at the muzzle; these are as yet unknown.
While Z > 0, it is possible to carry out the following approximate treatment of the motion inside the rarefaction zone. Assume a particular form for the way the density varies along the zone at any time, in terms of its values at the ends: p x{t) a t the boundary £ = Z, and p2(r) at the muzzle. The latter is a function not yet determined. Then take the equation of continuity (33) and integrate with respect to x, from the rarefaction boundary to the muzzle. Returning to the variables r = V0St/U and £ = xS/U, the result is p2^2~Pivi =
This gives v2(t). Also from p2(r), C2(T) is known, the velocity of sound at the muzzle When t = 0, c2 > v2, for this is the definition of case I, which is being considered. In steady flow through a nozzle, c -v at the throat, provided more than about twice the pressure in the region into which the nozzle is discharging. I t is evident th at v2 must rapidly approach c2; this condition decides the form of p2{r) and so the values of density and velocity throughout the rarefaction zone. For the prediction of muzzle-brake thrusts p2v f is need method.
The accuracy of this treatm ent depends on guessing a good form for the density variation in the rarefaction zone. The form chosen must be mathematically con venient also. A suitable assumption appears to be th a t the density is a linear function of distance in the rarefaction zone, so th at
ntroduce a ratio 6(t) = /0i(r)//92(r).
The equation (34) then leads to
I t has been noticed that 6(t) must be chosen to make c2 -v2 rapidly approach zero from its initial positive value. It does not seem easy to do this in the general case, so take as an example the firing mentioned in § 8. Assume th at 6 = (1 + r)n.
The behaviour of c2 and v2 (up to the time the rarefaction wave reaches the breech) shows th at n must be taken to be 0-6. A more general form such as (1 would be preferable, but it would be much more laborious to decide the best pair of values of m and n\ moreover, c2 is not very sensitive to 6, and hence the 'best pos sible ' v2 would probably not be much altered by the use of the extra parameter m.
The value of n = 0-6 applies to this example only, though n can be expecte have the same order of magnitude for all guns. Figure 4 shows the theoretical pressure distribution along the barrel at various times after shot ejection. The values in the rarefaction zone were calculated from the treatm ent of this section with n = 0-6, and those closer to the breech by equation (24). I t can be seen how the pressure drop down the barrel, which is about 2 tons/sq.in. when the shot is at the muzzle, is rapidly damped thereafter. There is, of course, a rapid drop of pressure near the muzzle, in the rarefaction wave; this drop attains about tons/sq.in. in 2 msec., and stays practically constant for later times. In figure 5 are plotted local gas temperatures, calculated from coexisting values of pressure and density. The gas temperature at the muzzle drops by 500° C during the first 6 msec. The temperature drop in the rarefaction zone reaches nearly 200° C.
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J . Corner Figure 6 shows the local velocity of sound as a function of position and time. This was calculated from the density distributions. The gas velocities are also shown. To get the velocity a t a point £ in the rarefaction zone it is necessary to integrate (33) from the boundary Z to £. The rather complicated formula The velocities computed in this way cross in a confusing manner in figure 6. Their general trend is sufficiently clear, as is the fact th a t the gas velocity a t the muzzle does indeed approach the local velocity of sound more closely as time goes on. In theoretical prediction of muzzle-brake thrusts it is necessary to know the momentum of the gas passing the muzzle section and entering the brake. The momentum per second is Sp2v f. Table 2 shows the results of the n = 0*6), the 'modified R ateau' theory with covolume, and the Hugoniot formulae. The first two theories differ by 25 % a t the start and 20 % (in the opposite direction) after 6 msec. The significant measure of difference is, however, the total momentum of the gas crossing the muzzle section. This is only 1 % different in these two cases. The work of the present section applies only to the time before the rarefaction wave reaches the breech. A theory of the conditions inside the gun at a later time will not be attem pted. The modified Rateau formulae may be accepted as applicable at all times to within the accuracy needed for calculation of muzzle-brake thrusts, which include rather uncertain corrections for friction losses in the brake itself.
The internal ballistics of a gun after shot ejection 271 velocity of sound gas velocity It is true, of course, that while the projectile is passing through the brake this is acting with higher efficiency than later. Therefore the total momentum produced by the muzzle brake will be rather more than 1 % different in these two cases. This initial period lasts about J msec, in the present example, and a rough calculation shows th at the difference between the two theories cannot be more than 3 /0 for any likely brake design. However, the stresses on the material are probably greatest in the period while the shot is passing through the brake, and if calculations of strength are to be derived from the modified Rateau formulae, suitable corrections must be applied.
By omitting the covolume terms one passes from the R ateau to the Hugoniot formulae. The total momentum of the gas is about 15 % too small on this theory. The error arises almost equally from two points: the under-estimate of the rate of loss of gas, and too low a velocity of sound when the covolume is omitted. The failure of the Hugoniot theory at this stage is unfortunate, since it appears to be adequate for the calculation of breech pressures, and it is much easier to use than the R ateau formulae. Now consider case II. As the shot passes the muzzle the gas velocity just behind the shell is greater than the local velocity of sound. The solution inside the gun is determined by the initial conditions inside the gun only up to the time at which the gas velocity at the muzzle has fallen to the local velocity of sound. Until this time the solution of § 6 is valid everywhere inside the gun. From this solution it is seen th a t the gas velocity at the muzzle decreases much faster than the local velocity of sound, so it is no long time before the rarefaction wave starts in from the muzzle. The conditions inside the rarefaction wave can be treated in the same approximate way as for case I. The only difference is th at one can impose the rigid condition c2 = v2 for r^r 0, and hence by the analogues of equations (38) and (39) one can obtain a differential equation for p% (the density a t the m of r.
In case I there is a more qualitative condition to satisfy: must approach c, both calculated a t the muzzle; this can best be examined by using a trial form for which was taken to be (1 + T)~n P v In case II it is not so neces form for p2 but it is still very convenient. The exact differential equation for p2 is a complicated non-linear type.
An example of case II could therefore be treated in much the same way as the more normal case I, and the m atter need not be stressed further here.
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